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Low-Diffusion Flux-Splitting Methods for Flows at All Speeds
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Methods for extending the advective upwind splitting method (AUSM) family of low-diffusion flux-splitting
schemes to operate effectively at all flow speeds are developed. The extensions developed are designed for use with
time-derivative preconditioning and are based on the idea that the speed of sound should cease to be an important
scaling parameter for the diffusive contributions to the interface flux as the Mach number becomes small. Using
this criterion, alternative definitions for the interface Mach numbers are developed, and methods for ensuring
pressure-velocity coupling at low speeds are formulated. Results are presented for inviscid flows through a channel
at various Mach numbers, developing viscous flow in a two-dimensional duct, driven-cavity flows at various Mach
and Reynolds numbers, flow over a backward-facing step, and hydrogen-nitrogen mixing layers.

I. Introduction

ECENT developments' ~7 have shown the utility of low-diff-

usion flux-splittingschemes [advectiveupwind splitting meth-
od (AUSM), AUSM+, and variants] in the resolution of gas-
dynamic phenomena. Such approaches can be viewed as a rational
means of removing excessive numerical diffusion inherent in flux-
vectorsplittingmethods while preservingsolution monotonicity and
numerical stability. The resultis a class of methods competitive with
flux-difference splitting schemes in terms of accuracy but having a
lower per-equation cost. As with most upwind methods, the inter-
face flux formulas for low-diffusion flux-splitting schemes can be
written as a central difference contribution plus a diffusive contri-
bution. Differences among the various approaches relate primarily
to the behavior of the diffusive contributionat the critical sonic and
stagnation points. As such, the discontinuity-capturng traits of the
schemes can vary quite widely. A feature common to all approaches,
however, is the scaling of components of the diffusive contribution
by the speed of sound.

A parallel trend in computational fluid dynamics has resulted in
the development of time-derivative preconditioning techniques for
integrating the Euler and Navier-Stokes equations3~!* Such meth-
ods seek to modify the time component of the Euler/Navier-Stokes
set so that the condition number remains bounded, independent of
the Mach number of the flow. This propertyis most usefulin the com-
putation of very low-speed, compressible flows, serving to bridge
the gap between density-based, strongly coupled methods of time
integration and sequential, pressure-based iteration algorithms.!?
Recent studies have shown that solution accuracy at low speeds can
be compromised if the numerical flux formulation is not modified
to reflect the eigensystem of the preconditionedequations /-

The present contribution is designed to extend the AUSM fam-
ily of low-diffusion flux-splitting methods to operate effectively
in conjunction with time-derivative preconditioning. Anticipated
benefits from this extension include enhanced resolution of flow
phenomena at all speeds without uncertainties associated with the
scaling of added numerical diffusion or the additional complexity
associated with Riemann-based approaches.!! At least one prior
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attempt at modifying AUSM to operate at all flow speeds has been
documented,'* and similar modifications to the related CUSP (con-
vective upwind split pressure) scheme!® have been proposed.'® The
major difference between this work and that of Ref. 14 is that in
the present study the eigenvalues of the preconditioned system are
directly used to effect the transition from a formulation suitable for
high-speed flows to one suitable for low-speed flows. Furthermore,
the presentwork providesa general framework for extendingrelated
approaches, such as AUSMDV? and LDFSS,* to operate at all flow
speeds. The remainder of this paper proceeds as follows. In Sec. II,
the preconditioningstrategy of Choi and Merkle® (see also Ref. 11)
isreviewed, as are other methods for discretizingthe preconditioned
Euler system. Basic formulations for the AUSM+ and AUSMDV
low-diffusionupwind schemes are presentedin Sec. III. Section IV
discusses modifications necessary to ensure proper behavior at all
speeds. The results of this investigationare presentedin Sec. V, and
some concluding remarks are provided in Sec. VL.

II. Time-Derivative Preconditioning

The two-dimensional,preconditionedEuler systemcan be written
in Cartesian coordinates as follows:
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where W is a vector of primitive variables [p, u, v, T]. In the
present study, the preconditioning matrix I" is based on that pro-
posed by Choi and Merkle® and extended further by Weiss and
Smith.!" Given that

U2, = min[a®, max(|V|*, K|V [*)] )
1 1

O=— - 3

TR (3)

H = C],T + %(MZ + l)2) (4)

where | V| is the local velocity magnitude, | V| is a fixed reference
velocity, a is the sound speed, and K is a constant; the precondi-
tioning matrix I" takes the following form:

® + (1/RT) 0 0 —p/T
ul® + (1/RT)] o 0 —pu/T )
v[® + (1/RT))] 0 p —pv/T
H[® + (1/RT)]-1 pu pv p[C,— (H/T)]
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As indicated, the Weiss-Smith preconditioneris formed by the addi-
tion of the vector ®[1, u, v, T]" to the first column of the Jacobian
matrix 0U /9 W, where U is the vector of conservativevariables. Fol-
lowing Turkel et al.,!” the reference velocity U, in Eq. (2) is limited
from below by a multiple of |V | to prevent anomalous behavior
at near-stagnationconditions and from above by the sound speed to
remove preconditioningfor locally supersonic flows. In the present
study, |V | is set to be the average incoming freestream velocity,
and K is fixed at 0.25. The eigenvaluesof ' "' A (A = 0 F /9W) are
u, u' £a', where u is the velocity componentin the x direction and

ref

Wta = %[(1 + M2 )u £ a\/(l — M) M +4M3€t.J (6)

U2,
M= a_r;t )
M =u/a ®)

In general, one can express the spatial derivative 9 F'/dx as a flux
balance over a particular mesh cell, with the interface flux F; ),
defined as consisting of a central difference contribution plus a dif-
fusive contribution D:

F,

i+

=1[F, +F; 1+ DG, i+1)] )

ol

To maximize efficiency and accuracy, it is necessary that the ar-
tificial diffusion mechanism D be constructed to reflect the new
eigensystem. This can be accomplished on several different levels.
In a simple central difference implementation, an appropriate but
overly diffusive choice is'3

Dii+1D)=(ul+a) 1T a(Wi=Wi) (10
which can be approximated as
Pi = Pi+1
Pilli — Piy Uit

PiVi — Pi+1Vi41

piH; — pi c1Hi 1

D i+ 1) = (/| +a),,

®[+é(17[—17[+1) (1)

T e = =

i+3

Another choice is a Roe-type flux-difference splitting®-!!:

D, i+ 1) =T, y(TIAT™),  y (W, =W, ) (12)

i+%
where A is the diagonal matrix of eigenvalues and the modal ma-
trices T and 7! are formed from the eigenvectorsof "' A.

III. AUSM+ and AUSMDV
Flux-Splitting Formulations

The presentstudy focuses on two of the newer low-diffusionflux-
splitting methods, AUSM+*3-7 and AUSMDV.*7 The relationship
between the two schemes has been discussed more thoroughly in
Ref. 7, and only the highlights of the implementation are presented
herein. For both methods, the inviscid interface flux F; , 1> in the x
direction s split into a convective contribution F{ , plus a pressure
contribution F} /»- The two contributionsare treated separately. The
convective flux is defined as

Fy = (pu), (13)

3 7

T < = o~

ifi+1

where state i is chosen for the column vector (1, u, v, H)” if the
interface mass flux (ou);,, is nonnegative and state i + 1 is chosen
if (ou), , is negative. The pressure flux is defined as

]
s @

F) = (14)
3
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The interface quantities (ou),,, and p,,, are expressed in terms
of sets of polynomials in Mach number, defined as

M[=u[/aé (15)

where a; ), is an interface speed of sound.>” Three sets of polyno-
mials are required:

MG, = (M M) (16)

HMED LM -12, M| <]
M = (17)

M(il), otherwise
and

6 = + (18)

. {%(Mﬂ:l)z(2$M)j:%M(M2—l)2, M| <1
(I/M)M(l)»

otherwise

The numerals in the subscripts of M and P indicate the degree of
the polynomials. With these, the interface quantities are defined as

(ou)y = ay (p[mi +p[+1m;> 19

pL= 7’<§>(M[)17[ + P(E)(M[+1)P[+1 (20)

Differences between AUSM+ and AUSMDYV are due to the cho-
sen definitions of mli/z, For AUSM+,

my = MG (M) + M, (M ;1) 1)
m%’:%(m%:l: mél) 22)
For AUSMDV,
mi = M, (M) + o [ME (M) = M) (23)
my = MG (M) + o7 [My (M) = Mo, (M, 0] 24)
where

@] e

Pi 2\ pi Pi+1

o= (32) /5G] e
Pi+1 2\ pi Pi+1

As shown later, the inclusion of w* in the AUSMDYV Mach number
splittings results in the addition of a pressure-diffusionterm to the
interface mass flux. The presence of this term ensures monotonicity
in the capturing of non-grid-alignedshock waves but can, under cer-
tain conditions, give rise to the carbuncle instability for bluff-body

flows. The mass flux representationfor AUSM+ does not contain a
pressure-diffusionterm and is not susceptible to the instability.”

IV. Preconditioned AUSM+ and AUSMDV
Scaling Issues
AUSM+ and AUSMDV can be modified to operate effectively at
very low Mach numbers by paying careful attention to the structure
of the diffusive contribution to the interface flux. There are two
main issues that must be addressed, the first of which is the scaling
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of the diffusive contributionsby the speed of sound. As an example,
consider the simplest subsonic pressure splitting'

Ph (M) = 51+ My) @7)

Poy(Mi 1) =5(1—M; ) (28)

Substituting these expressions into Eq. (20) and expanding into a
central-plus-diffusivecontribution yields

pL= %[Pi +Piq1t+ (1/2119(”[ +ui)(Pi — Piv1)

+(1/2a) i+ i @i = )] 29)

The combination (p; + p;41)/(2a;;,) can be approximated as
(1/y)p1,2a1)2, indicating that the first component of the diffusive
contribution scales inversely with the speed of sound, whereas the
second scales directly with it. The latter scaling, in particular, is in-
appropriatefor very low-speed flows, as the speed of sound is much
larger than the velocity components. The result (if obtainable) is
an extremely diffusive solution for the velocity field. Similar trends
hold for the higher-degree pressure splitting 'P(iS),

This problem can be remedied by introducing a preconditioned
Mach number, related to u’ /a’ as defined in Eq. (6) and expressedas

Y 1 Uit
Miiy1=—M,;1,=—= (30)
/y ay
where the preconditioned sound speed is given by

The quantity f;,, is determined from the eigenvaluesof the precon-

ditioned system
2
(1 Mrzetl> M2 +4MZ;

fy = (32)

Note that M is a directional quantity, depending on u, whereas M ¢
as defined in Eq. (7) is coordinate invariant, depending on both u
and v. The % notation indicates the evaluation of M. and M using
simple arithmetic averages of properties at states i and i + 1. New
expressionsfor the interface Mach numbers M, ; , | are then defined
as follows:

_ 1 - -
M; = [(HMQ >M[+ (1—Mfefl>M[+l] (33)
3
_ 1 - -
M[+1=2[(1+Mml>M[+l+(1 Mfetl>M[] (34)

Substituting these values into the subsonic pressure splittings
Eqgs. (27) and (28) and collecting terms gives

\e) |

1 1
pL= 5|:I7f + Pi+1 +E(M[ +uiv)(Pi — piv1)

M2

ref

+

Z(pi + pip )W _”[+1)i| (35)

7
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As the local Mach number approaches zero, the quantity d,,, be-
comes of the order of the velocity magnitude. The result is that the
second component of the diffusive contribution scales with the ve-
locity magnitude, rather than with the speed of sound. The first com-
ponent increases in importance, scaling inversely with the velocity
magnitude. Similar effects are obtained for higher-degree pressure
splittings, such as 'P(is),

In the most straightforward implementation of the precondi-
tioned AUSM+/AUSMDYV flux splittings, the new definitions of the
left- and right-state Mach numbers [Egs. (33) and (34)] and the new
definition of the interface sound speed d; » [Eq. (31)] simply replace

the conventional definitions in both the convective and pressure
components of the interface flux. The original AUSM+/AUSMDV
formulationsare approachedsmoothly as the local Mach number ap-
proaches unity. Note that the use of these definitions is not strictly
necessary for the convective portions of the AUSM+ and AUS-
MDV interface fluxes, provided that pressure-velocity coupling is
maintained as discussed next. In the interests of uniformity in pre-
sentation, the remaining developments assume that the definitions
in Eqs. (31-34) are employed throughout.

Pressure-Velocity Coupling

The second issue that must be addressed relates to the need for
pressure-velocity coupling at low speeds. The developments just
outlined force AUSM+/AUSMDYV to behave more as a central dif-
ference discretization as the Mach number is lowered, raising the
possibility of odd-even decoupling for flows with significant pres-
sure variation. A means of alleviating this problem can be found
by first considering the interface mass-flux representation for AUS-
MDYV, evaluated using Eqs. (31-34):

(pu)y = pidy{M

0y (M) + o' [ME, (M) = MG (M) ]}

M(_l)(MH—l) to [M@)(Mwl) - M(_l)(M[+l)]}

(36)

+Pf+15%{

This may be expanded as follows:

(pu)y =a é{pLM<1>+pt+lM<1>+(M<4> M+ Mg, - M(l))

x [(p[ + P[+1)/(ﬂ + M)] + (M, — M,
Pi Pi+1
—M@+Ma>)[(m —Pz+1)/(ﬂ+h>i|} (37)
Pi Pi+1

where the dependence of M$>.(4> on M; and M(_l)_(4) on M;, is
assumed. The first component in Eq. (37) is a simple advective
upwind representation for the mass flux, whereas the second and
third components are diffusive contributions. The second compo-
nent provides a stabilizing influence near sonic points, whereas the
third provides a measure of pressure diffusion for subsonic Mach
numbers. As the interface Mach numbers M; and M, ., approach
zero, the first and second components of Eq. (37) vanish, and the
mass flux approximates the following:

(g ~ Gy /9)(ay [a} )b = pis) (39)
which can be represented as
)y ~ Gy /9(fy fa) (i = piin) (39

As the reference Mach number M,.; approaches unity, fi, ap-
proaches unity, and the pressure-diffusioncomponent of the inter-
face mass flux scales inversely with the speed of sound. As M,
becomes small, @, , scales as the velocity magnitude, meaning that
the pressure contribution scales inversely with the speed of sound
and directly with the reference Mach number. For low-speed flows,
this term will essentially provide no effect. Keeping in mind the
premise that the speed of sound should not scale the diffusive con-
tributions for low-speed flows, it becomes necessary to multiply the
third componentin Eq. (37) by 1/M retl N . This forces the pressure-
diffusion component to scale inversely with the velocity magnitude
at low speeds, consistent with the modification to the pressure split-
ting discussed earlier. The effect of this modification can be further
illustrated by considering the limiting form of Eq. (37) as obtained
for a truly incompressible fluid (p = const, a = 00):

/u +4U%;

U2

ref

(pu)y = puy + C(uy, Us) (pi = pivr)  (40)

where u;, = %(u[ + u;, 1) and C varies between 0.35 and 0.525,
depending on the ratio of u;,, to Us. Except for minor variations
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in C, this limiting form is also shared by both the simple artificial
diffusion implementation [Eq. (11)] and the preconditioned Roe
scheme!! [Eq. (12)], although the latter also retains an advective
upwind contribution. The approach proposed in Ref. 14 also has a
similar structurein the incompressiblelimit. As notedin Ref. 14, this
form of the interface mass flux shares a close relationship with the
momentum interpolationproceduresdevelopedby Rhie and Chow!”
for incompressible flow simulations on collocated (nonstaggered)
grids. As illustrated later, the pressure-dependentterms provide a
global elliptic smoothing effect, suppressing any tendency toward
checkerboard-typeodd-even decoupling.

A rearrangementof the modified Eq. (37) results in the following
redefinitions for the AUSMDYV split Mach numbers mli/zz

[

1 _ _
L —— | [MG (1) — M ()]

— w’
= M, (M) + -

[M(])(Mwl) - M(_l)(Mi-H)] (41)

o =

o

— w~
m =M(_1)(Mi+l)+7 1+ —

1
2

x [M (M;) — M (M)] (42)

These expressions preserve the original form of the second term in
Eq. (37), which scales properly with decreasing Mach number.

AUSM+ does not contain a pressure contributionto the interface
mass flux. As such, the extension of the preceding argument to
AUSM+ necessitates the addition of a term that behaves similarly
to the pressure-diffusion component of the modified Eq. (37) for
low-speed flows but turns off as the sonic speed is reached. One
choice, consistent with the modification to AUSMDYV, is given by
the following:

(pu)y = (pu)y  Ady | — 1

2 AUSM+

x [M{, (M) — M (M) = My (M 1) + M (M4 1))

x [(m —pi+1)/(ﬂ+ﬂ>} 43)
Pi Pi+1

The second term in Eq. (37) is not added to the AUSM+ inter-
face flux, as proper behavior at sonic transitions is ensured by the
definition of m, , in Eq. (21).

Summary of Formulations

In summary, AUSM-+/AUSMDYV flux-splitting formulations are
extended to operate at all speeds by performing the following oper-
ations:

1) Replacethe interface speed of sounda, /, by the preconditioned
speed of sound d,, = fi2a1> [Eq. B1)].

2) Replace the left- and right-state Mach number definitions by
those in Eqs. (33) and (34).

3) For AUSMDV, replace the split Mach number definitions mli/2
in Egs. (23) and (24) by those in Egs. (41) and (42). This version is
henceforth denoted AUSMDV (P).

4) For AUSM+, add the corresponding terms in Eq. (43) to the
interface mass flux. This version is denoted as AUSM+(P).

5) Complete the flux evaluation by forming (ou),,, and p,, ac-
cording to the chosen scheme.

Again, these modifications are based on the idea that the diffu-
sive contributionsshould be scaled by the velocity magnitude,rather
than by the speed of sound, as the local Mach number decreases.
The actual means of ensuring this scaling depends on the choice of
preconditioner, through the use of the eigenvalues of the precon-
ditioned system. Other low-diffusion upwinding schemes'-?:¢ can
also be extended in a similar manner, and other preconditioners’ '3
could be used.

V. Results

The modified AUSM+/AUSMDYV formulations, extended to
generalized coordinates, have been incorporated into an implicit
Navier-Stokes solver with multigrid, time-derivative precondi-
tioning and general finite rate chemistry capability.!® Slope-
limited Fromm-type interpolations of the primitive variable vector
[p,u,v, T1" are used to extend the basic first-order formulations
to second-order spatial accuracy for some calculations. Further de-
tails regarding this extension can be found in Ref. 6. Characteristic
boundaryconditionsbased on the eigensystemof the preconditioned
equations are employed. The subsections that follow describe the
performance of AUSM+(P) and AUSMDYV (P) for a selection of test
cases.

Inviscid Flow Past a Bump in a Channel

Figure 1 shows the behavior of first-orderimplementationsof the
schemes for Mach 0.01 inviscid flow over a 10% circular arc bump
(129 x 65 mesh). Without preconditioning, the first-order AUSM+
results are completely unphysical (Fig. 1a), as the excess diffusion
inherent in the pressure flux splitting corrupts the solution. The so-
lution provided by AUSM+(P) using the Mach number definitions
in Egs. (33) and (34) but without including the pressure-velocity
coupling term in Eq. (43) (Fig. 1b) shows marked improvementbut
reveals a tendency toward odd-even decoupling. This behavior is
corrected by AUSM+(P) and AUSMDV (P) (Figs. 1c and 1d). Both
produceanearly symmetric solution,exceptnear the trailingedge of
the bump, where first-order slip-surface boundary conditions con-
taminate the solution slightly. Note that results similar to that shown
in Fig. 1b can be obtained through the use of a gauge pressurein the
unmodified pressure flux splitting, Eq. (18). This simple expedient

U
a)
ZZ=S\
b) 7 C7N
7N
15} 72

Fig. 1 Velocity magnitude contours for Mach 0.01 inviscid flow: a)
AUSM+ without preconditioning, b) AUSM+(P) without pressure-
velocity coupling, ¢) AUSM+(P), and d) AUSMDV(P).
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Fig.2 Velocity magnitude contours, AUSM+(P): a) Mo =5,b) Moo =
2,¢) Mo =0.675,d) Mo =0.2,and e) Mo, = 0.001.

results in odd-even decoupling for higher-speed flows, whereas the
use of Egs. (33) and (34) to scale the pressure flux splitting produces
oscillation-freeresults independent of the flow speed.

Figures 2 and 3 provide an indication of the behavior of first-
orderimplementationsof AUSM+(P) and AUSMDV (P) for a range
of Mach numbers. The schemes respond similarly for the subsonic
cases (Figs. 2d, 2e, 3d, and 3e) but differ for transonicand supersonic
conditions (Figs. 2a-2c and 3a-3c) . In particular, it appears that
AUSMDV (P) is slightly more diffusive than AUSM +(P) for higher
speeds, an effect related to the retention of a pressure-diffusion
mechanism at all speeds for AUSMDV (P). Convergence histories
for AUSM+(P) are shown in Fig. 4. Flow-independentconvergence
rates are not quite observed, with the transonic Mo, = 0.675 cal-
culation taking slightly longer than the others and the M, = 0.001
calculation leveling out due to round-off errors after a residual re-
duction of five orders of magnitude. Nevertheless, good efficiency
across the Mach number range is obtained.

The influences of preconditioning on the transonic flow predic-
tions (M, = 0.675) are highlighted in Fig. 5. The placement and
structure of the normal shock wave are captured nearly identically
by all methods, but the baseline AUSM+ and AUSMDV schemes
do resolve the shock more crisply. This indicates that the influ-
ences of preconditioningmay need to be terminated slightly before
the sonic speed is reached to ensure a higher level of accuracy for
transonic flow calculations. One means of accomplishing this has
been proposedin Ref. 10 but has yet to be tested in the present work.

Developing Flow in a Channel

A developing viscous flow in a channel is considered as the sec-
ond test case. This flow has been used extensively in the validation
of incompressibleflow solvers, and several computationaldatabases
are available for comparison (Ref. 19, for example, and others cited
therein). In this calculation and those that follow, the freestream
pressure and temperature are fixed at 1 atm and 300 K, and the

a)

b)

<)

NN

d) (> GRS

)

Fig. 3 Velocity magnitude contours, AUSMDV(P): a) M = 5, b)
Mo =2,c) Mo =0.675,d) M =0.2,and e) Mo = 0.001.

0
M., =0.001
N e M, =0.2
B Ay T —== M, =0.675
ENy e M. =20
2f M_=5.0
[ \
\//\\\ V-cycle; 3 grid levels w. preconditioning

AN 129x65 grid
IIRII h A Line Relaxation smoother
4L
5 7
-6 ,
-7 . . . : L . - - - ! : :
0 50 100 150

Multigrid cycles

Fig.4 Convergence histories: first-order AUSM+(P).

freestream velocity and domain size are adjusted to provide the
correct Reynolds number. (This procedure is necessary as the code
described in Ref. 18 solves for dimensional variables.) For this par-
ticular case, the inflow velocity is chosen as 1 m/s (M, =0.0029),
the Reynolds number based on the channelheight D is 200, and cen-
terline symmetry is enforced. A 241 x 65 grid, clustered slightly to
the channel wall, is used for most of the calculations, with grid inde-
pendencechecked for AUSM+(P) through simulationson 121 x 33
and 241 x 129 meshes. Figures 6 and 7 compare first- and second-
ordersolutionsprovidedby AUSM+(P) and AUSMDV (P) with data
from Morihara and Cheng,?° extracted from Ref. 20 using a digital
scanner. The first-order results (241 x 65 grid) differ only slightly
fromthe second-orderresults,indicatingthat the low-diffusionprop-
erties of AUSM+/AUSMDYV in the capturing of viscouslayers hold
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Fig. 5 Velocity magnitude contours at transonic conditions, first or-
der, Mos = 0.675: a) AUSM+, b) AUSM+(P), ¢c) AUSMDY, and d)
AUSMDV(P).

15
241x65 grid
14+ =
1.3
WU [ — AUSM+(P) (1st order)
N S AUSM+(P) (2nd order)}
120 A e AUSMDV(P) (1st order)
_______ AUSMDV(P) (2nd order}
o Morihara and Cheng
F ——s—— AUSM+(P) (2nd order; 121x33)
11 e AUSM+(P) (2nd order; 241x129)
1.0 L n L L | L L L L | L L L L | L L L |
0.00 0.02 0.04 0.06 0.08

X/Re

Fig. 6 Centerline velocity distribution: developing channel flow
(Re =200).

true in the preconditioned extensions. The characteristic inflection
pointin the velocity profile near the entranceof the channelis clearly
captured (Fig. 7), although the peak value is somewhat lower than
that predicted by Morihara and Cheng 2° The earlier simulation was
performed on 20 x 10 and 40 x 20 meshes, compared with the finer
meshes used in the current calculation. It is, therefore, possible that
the discrepanciesevidentin the comparison could be a consequence
of the mesh resolution.Both first- and second-order AUSM +(P) and
AUSMDV (P) solutions collapse upon one another, again indicating
that the formulationsbecome nearly equivalentfor low-speed flows.
The AUSM+(P) predictions also appear to be grid independent.
The multigrid convergencerates shown in Fig. 8 are rather insensi-
tive to the mesh size; however, convergence on all grids eventually
stalls due to round-off error accumulation. As mentioned earlier,
the Navier-Stokes code used in this study solves for dimensional
variables and does not utilize gauge pressures or enthalpies. It is
probable that the inclusion of these devices, along with a proper
nondimensionalizatian, would improve the convergence behavior.

’i 2X/B=0.25 2X/D=1.0 2XD=56.0 2XD =100  2X/D =200

0.8 -——— AUSMHP) (1storden)

L AUSM+{P} (2nd order)
- AUSMDV(P) (1st order)
—— AUSMDV(P) (2nd order)
o Morihara and Chang
2v/D 0.6 [[——=— AUSMHP) (121x33 grid)
[ —a—— AUSM+(P) (241129 grid) &

0.4l

241x65 grid

o2l

0.0

u/U_

Fig. 7 Velocity profiles at different X locations: developing channel
flow (Re =200).

121x33 grid
— — — — 241x65 grid
N, 241x129 grid

V-cycle; 3 grid levels w. preconditioning
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Fig.8 Convergence histories for second-order AUSM+(P): developing
channel flow (Re = 200).
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Fig.9 Velocity profiles: driven cavity flow (Re = 100).

Driven-Cavity Flow

The third test case is the well-known driven-cavity problem.
Uniformly spaced 97 x 97 and 177 x 177 grids are utilized, with
the cavity dimension again scaled to produce the correct Reynolds
number. Figures 9 and 10 compare computed velocity profiles along
the X and Y cavity bisectors with the benchmark solutions of Ghia
et al.,?! obtained on a 129 x 129 mesh using a stream function-
vorticity formulationof the governingequations. Solutions obtained
at Mach 0.1 and 0.001 (Re = 100) are nearly indistinguishable for
both AUSM+(P) and AUSMDV (P) (Fig. 9), and excellent agree-
ment with the benchmark solution is obtained. Results obtained for
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Fig. 10 Velocity profiles: driven cavity flow (Re = 400).
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Fig.11 Structure of backward-facing-step flowfield (Re = 800); 305 X
65 mesh; second-order AUSM+ (P).

AUSM+(P)at Mach 0.001, Re = 400 (Fig. 10), show that first-order
accuracy is insufficient for strongly recirculating flows, as the low-
diffusiontraits of the schemes do nothold for situationsin which the
velocity componentsare of the same order. Furthermore, the second-
order results are sensitive to the mesh resolution;a 177 x 177 mesh
is required to produce reasonable agreement with the benchmark
solutions. The reasons for the discrepancies evident in Fig. 10 are
unclear. The agreement does improve with some mesh clustering
to the walls, however, indicating that differences in wall boundary
conditions between primitive-variableand streamfunction-vorticity
formulations may play a role.

Flow Past a Backward-Facing Step

The classical problem of incompressible flow past a backward-
facing step in a channel is considered as the fourth test case. The
initial pressure and temperature are again 1 atm and 300 K, and a
parabolic velocity profile with an average velocity of 1 m/s is spec-
ified at the inlet of the channel. The Reynolds number based on the
channelheight D and the average velocityis 800, and the X extentof
the domain is 30 channel heights. A 305 x 65 grid is used, with 241
points uniformly spaced in the streamwise direction from X/D =0
to 15. The remaining 64 nodes expand slowly from X/D =15 to
30. The grid spacing is uniform in the Y direction. These condi-
tions are nearly identical to those employed in Refs. 22 and 23. In
Ref. 23, the possibility of attaining unsteady solutions for this case
is discussed in detail. In common with most of the tested incom-
pressible flow solvers, the current second-order methods attain a
steady solution, albeit somewhat slowly. The dominant features of
the backward-facing-step flowfield are the two large recirculation
zones, positioned aft of the step and along the top wall of the chan-
nel (Fig. 11). Upon reattachment, the flow slowly recovers toward a
fully developed Poiseuille flow near the exit of the domain. To pre-
dict the structure of the recirculation zones properly, the numerical
formulation must capture the response of the pressure field correctly
and must not introduce unphysical artificial diffusion. Normalized
shear stress plots along the upper and lower surfaces of the chan-
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r e AUSMDV(P)
305x65 grid, second order o Gartling
0.010 |-

0.005
wal
00000
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Fig.12 Wall shear stress comparisons: backward-facing-step flowfield
(Re = 800).
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Fig.13 Hydrogenmassfraction contours: 65 X 65mesh; second-order
AUSM+(P).

nel (Fig. 12) indicate that AUSM+(P) and AUSMDV (P) both meet
these criteria. Agreement with the benchmark solution of Gartling?>
is excellent, particularly in the capturing of the separation and reat-
tachment points. Slight discrepancies near the peak values and far-
ther downstream may be a result of inaccuraciesin the digital scan-
ning process used to extract the Gartling data. Again, differences
between the AUSM+(P) and AUSMDV (P) solutions are minor.

Laminar Hydrogen-Nitrogen Mixing Layer

A laminar hydrogen-nitrogen mixing layer is used to test the
performance of the discretizationmethods for low-speed flows with
strong density variationdue to composition changes. This particular
calculationemploysa straightforwardextensionof the low-diffusion
flux-splitting concepts to multicomponentgas mixtures. In this ex-
tension, the convective transport vector in Eq. (13) is replaced by
[Y,,u, v, H]", where Y, is the mass fraction of species s (Ref. 18).
The enthalpy, density, and pressure are defined using suitable mix-
ing rules, and the speed of sound in Eq. (15) is replaced by its
chemically frozen value. The matrix preconditioneris constructed
to solve for the variable vector [ py, u, v, T17, where p, is the partial
pressureof species s (Ref. 18). The velocity for the hydrogenstream
is chosen as 0.3 and 30 m/s, and the velocity for the nitrogen stream
is fixed at three times that of the hydrogen stream. The tempera-
ture and pressure are again specified as 300 K and 1 atm. Figure 13
plots the hydrogen mass fraction for the AUSM+(P) simulations,
which were performed on a 65 x 65 mesh clustered to the juncture
between the fluid streams. The effects of Reynolds number on the
growth rate of the mixing layer are clearly indicated. Figures 14 and
15 plot the velocity and density profiles for first- and second-order
AUSM+(P) and AUSMDV (P) discretizations. Differences between
the first- and second-orderpredictionsare minor, as expected for this
free-shear flow. For the lower-speed case (Fig. 14), the AUSM+(P)
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Fig. 14 Velocity and density profiles: U; = 0.1 m/s, U, = 0.3 m/s, and
X=0.7m.
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Fig. 15 Velocity and density profiles: U; = 10 m/s, U, = 30 m/s, and
X =0.7m.

and AUSMDV (P) results are indistinguishable, indicating that the
near equivalence between the schemes for very low Mach num-
bers also holds in the presence of strong density gradients. For the
higher-speed case, minor differences between the AUSM+(P) and
AUSMDV (P) predictions begin to emerge (Fig. 15).

VI Conclusions

A framework for extending low-diffusion flux-splitting schemes
to operate effectively in conjunction with time-derivative precondi-
tioning has been presented. Results for two representative methods,
AUSM+ and AUSMDYV, indicate that the modifications proposed
are effectivein maintainingsolutionaccuracy and efficiency for flow
calculationsat all speeds. When extended to second-orderaccuracy,
the new schemes provide solutions in agreement with classical
benchmark studies for incompressible, recirculating flows, whereas
for nominally parabolic flows, even first-order results are accept-
able. The schemes also perform well for very low-speed flows with
significant density variation and transition smoothly to the original
formulations as the local Mach number approaches unity. Although
notindicated in the present validative study, the schemes have been
successfully used for reacting flow calculationsat all speeds as well
as unsteady flow simulations.
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